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Steady State Self-Diffusion at Low Density
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We prove that the motion of a test particle in a hard sphere fluid in thermal
equilibrium converges, in the Boltzmann-Grad limit, to the stochastic process
governed by the linear Boltzmann equation. The convergence is in the sense of
weak convergence of the path measures. We use this result to study the steady
state of a binary mixture of hard spheres of different colors (but equal masses
and diameters) induced by color-changing boundary conditions. In the Boltz-
mann-Grad limit the steady state is determined by the stationary solution of the
linear Boltzmann equation under appropriate boundary conditions.

KEY WORDS: Test particle in a hard sphere fluid; Boltzmann-Grad limit;
convergence to the Markov process; governed by the linear Boltzmann
equation.

1. INTRODUCTION

In a preceeding paper'! we investigated self-diffusion for a classical fluid
by considering it as composed of two components which are mechanically
identical but differ by their color, either black or white. If color-changing
boundary conditions are imposed at a slab in such a way that there is a
constant incoming flux of black particles from one side and of white
particles from the other, then as r— oo a steady state is established.

The steady state correlation functions are given by exit probabilities of
test particle processes. In Ref. 1 it was shown that in the hydrodynamic
scaling the expected properties of the color profile, e.g., linearity, follow
from the assumption that test particles behave asymptotically as indepen-
dent Brownian particles.
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The purpose of this paper is to investigate the steady state color profile
for a hard sphere gas at low density, i.e., in the Boltzmann—Grad limit. It
follows from our previous work that the time-depehdent color profile is
governed in this limit by the linear Boltzmann equation.’?) We will prove
here that the steady state color profile is deterministic in the Boltzmann-
Grad limit and is given by the stationary solution of the linear Boltzmann
equation under appropriate boundary conditions. This kind of situation is
expected to be true under more general circumstances: If there is a scaling
limit such that the time-dependent phenomena are described by a certain
kinetic equation, then a microscopic steady state should converge, in the
same limit, to a stationary solution of that kinetic equation under appropri-
ate boundary conditions. The proof is, however, difficult in the general case
involving in some sense the interchange of the limit #— oo and the scaling
limit. This requires rather good control over the dynamics.

In Ref. 3 we studied the problem of heat transport in the Lorentz gas
in the Boltzmann-Grad limit. In the Lorentz gas the only transport
mechanism is diffusion. Our results in Ref. 2 apply therefore also to a
noninteracting gas of particles carrying color in the external potential
created by the scatterers. In this sense Ref. 3 is extended here to an
interacting system.

The paper consists of two distinct parts. In Section 2 we prove that in
the Boltzmann-~Grad limit the stochastic process of a single test particle is
governed by the linear Boltzmann equation. In Ref. 2 it was shown that the
distribution of the test particle at a single time converges in the Boltzmann-—
Grad limit to the solution of the linear Boltzmann equation. This result was
trivially extended in Ref. 4 to events depending only on a finite number of
times. The exit probability is, however, an event which depends on all
times. Hence to show the convergence of steady states we have to prove a
stronger result.

Physically the result obtained here is very natural. So let us take the
time to explain the content of Theorem 1, to be proved,; in a nontechnical
way. We consider a system of hard spheres of diameter ¢ and unit mass.
They move inside a box with periodic boundary conditions. The particles
are distributed according to the grand canonical equilibrium measure with
inverse temperature 8 and fugacity z, = € %. (The limit e—>0 is the
Boltzmann—Grad limit.) We regard the particle with label 1 as our test
particle. Its initial velocity, v, has a Maxwellian distribution and its initial
position is uniformly distributed over the box. After a certain (random)
time #, the test particle suffers a first collision. After this collision the test
particle has the (random) velocity o,. After another (random) time span ¢,
the test particle suffers a second collision, etc. Let us assume that we
observe the test particle only over a time span 0 < ¢+ < T with T arbitrary
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but finite. Then within that time span the test particle has only a finite (but
arbitrary) number of collisions. We consider now the joint distribution

Pe(dv,dt\dv, ... dt,dv,, )

of the random variables v,#,0,, ..., t,,0,,, = 1,2,. .. . This distribu-
tion depends on € because the dynamlcs and the initial distribution do so.
We believe, although we have no proof, that P(dv, dt, . . . dt,dv,, |) has in
fact a density. In any event P°¢ can always be written as the sum of a

regular part, which has a density, and a singular part,
P(dv,dt\dv, . . . di,dv, )
=pY(0ptpUys - ooy by U, Ol doy L dt, A,
+ Fe(dul dt dv, ...dt dv,, )

The linear Boltzmann equation describes the motion of the test particle
in the following way: The initial velocity of the test particle is distributed
according to a Maxwellian with inverse temperature . The time ¢, up to
the first collision has an exponential distribution with a parameter depend-
ing on v,. The distribution of v, given v, is obtained through the collision
with a fluid particle in equilibrium. The time ¢, up to the second collision

has an exponential distribution with a parameter depending on v,, etc. This
defines then the joint distribution

P(Op 0y, -y by 0,4 ) A0y dldo,y L dE dy,

which can be written down quite explicitly [cf. (2.4) and (2.5)].
We show that

(i) lmg)fP (do,dt\dv, .. .di,dv,,)=0, n=12...

The total weight of the singular part of the distribution vanishes as € > 0;

(i) g%fdvldtldv? coodtdo, g g(ontnoy, .t L, 0,0)

Xp (0005 v s by 0yyy)
=fduldtldvz o dtydiy . §(01 1y - s by s Dry)

Xp(vl,tl,vz, ce s t,,,vnH)

n=12,..., for all bounded functions g. The joint distribution of colli-
sion times and postcollisional velocities tends to the one computed from the
linear Boltzmann equation.

To prove (i) and (ii) we rely again on the perturbational technique for
the BBGKY hierarchy as developed by O. E. Lanford®>® (cf. also Ref. 7).
The details of the proof differ from the one in Ref. 2.
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In the second part of the paper the convergence (i) and (i) is applied
to the steady state problem. We also investigate local equilibrium. We keep
this part rather brief, since in essence it follows Ref. 1 with the appropriate
modifications.

2. WEAK CONVERGENCE OF THE TEST PARTICLE PROCESS

We consider a system of hard spheres of diameter ¢ and unit mass.
They move inside the box A of side length L with periodic boundary
conditions. The phase space is the grand canonical phase space T’
=, 1(A X R*". A point y €T is specified by the number, n, of particles
and their positions and momenta (q,, py, . . -, g, p,)- We use the short-
hand x; = (g, p,). Let dy be the Lebesgue measure defined by dy (A X R3y"
=(1/nl)dx,...dx,.

For later convenience we define certain subsets of I'. Let I'(n)
=(AX R and T(n;€)={x,...,x, €ET(n)||g — gl > € for any pair

i#j,i,j=1,...,n}. Furthermore, with ¢ > 0, let I'(n; 0,) = {x,, . . ., x,
€l(n)| g — p;s # q; — p;s, mod A, for any pair i#j, i, j=1,...,n and
all times 0 < 5 < t}; i.e., point particles which start at (x;, ..., x,) € I'(n;

0,¢) and evolve backwards in time have no spatial coincidence during the
time span t. We set I'(e) = |, ,I'(n; €) and I'(0,2) = |, \T'(n; 0, £). T\I'(0,
t) is a set of dy-measure zero.

Let € be the grand canonical equilibrium measure on I' with fugacity
z, = €% and inverse temperature 8. The Maxwellian at this temperature is
denoted by %,. Let T/ : T —>T be the dynamical flow of hard spheres. T}
exists p-a.s.(Y

We define the stochastic process of a single test particle for the time
interval [0, T], 0 < T < oo. Let © denote the path space for the momen-
tum of the test particle. A path w € @ is a piecewise constant, right contin-
uous function w:[0, T]=>R’. w is specified by (75,0, ..., 1,1, >0,
2’?=1t. =T, v, ER3,j =1,...,k k=12....1t is the time between the
(j — Dth and jth collision during which the velocity of the particle is v, ie,
w(t)=v; for 0< ¢ <t and w(f)=v; for 7+ -+ <1<y
+ . +tj,j=2,...,k.

In this way @ is identified with a subset of (J,- ,R*. @ is equipped
with the Euclidean topology inherited from | J k>1R4k. Let % denote its
Borel o algebra and let %, denote the algebra of events depending only on
a finite number of times. £, %, and %® I depend on T. If needed, we add
explicitly the time interval under consideration as, e.g., Qfr, T]. We regard
the particle with label 1 as the test particle. Let p(z,y) denote the
momentum of the first particle at time ¢ for initial conditions y € T". Let



Steady State Self-Diffusion at Low Density 43

G :T - be the map
G:y->{tpi(t,y),0<t< T} (2.1)
G is defined p°-a.s. and induces a probability measure P on £ by
Pe(A) = w¥(G ™ 1) (22)

for all 4 €%®. We denote by p°(r) the momentum process of the test
(= first) particle considered as a random variable on .

Let P<(-|p) be P¢ conditioned on p*(0). P*(-|p) is defined dp-a.s.
since in equilibrium p, = p*(0) is distributed as hgz(p,)dp, and P<(dw)
= [ P<(dw | p)hy(p)dp.

Because of periodic boundary conditions p“(¢) conditioned on (gq,, p;)
is independent of the conditioning on ¢,. The position process of the test
particle is then given by

g(H)=¢q +f0’dsp€(s), mod A (2.3)

We describe now the limiting Markov jump process. Let p(r) be the
Markov jump process on £ with inverse waiting time

A p) = wzfdp’ lp—p'lhs(p") (2.4)
and jump probability
K(p'|pydy' = [Np) "7z [dp" by ()8 (7' = p) (7' = ")) | 40
= [}\(p)"lm’zf de hy(e) —— } dp’ (2.5)
E(p.p) lp =Pl
Here E(p, p’) is the plane through p’ orthogonal to p’ ~ p and de is the
two-dimensional Lebesgue measure on E(p, p). Using the conservation of

energy in a collision, it is shown in Ref. 4 that p(¢) is well defined, in the
sense that p(#) has a finite number of jumps in any finite time interval. Let

q(t)=gq +f0'ds p(s),  modA (2.6)

be the position process. The forward equation of the Markov process
(q(2), p(1)) is the linear Boltzmann equation

a a A A
~— flg, p, Y= —p=— f(q, p,t) + dp,ded- (p —
21 /(@ P = ~P3. (&P D) WZL_(P_pI)>OPI @& (p—p1)

X[ B (POF(G: P) = (P (4: P) ]
= *paiq (g p:t) +(Cf)(g, p: 1) (2.7)
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Here & is a vector on the unit sphere and the outgoing pair (p, p,) is related
to the incoming pair (p’, p}) through a collision as

pr=p—8[é-(p—py]
pi=pi+o[o-(p—py)]
Let P(- |p) denote the path measure of p(f) on & conditioned on p(0).
Theorem 1. For any T > 0 and all 4 € %{0, T']
lim P(4 | p) = P(4p) 29)

(2-8)

uniformly on compact sets of R>.

We have deliberately chosen the simplest possible setup. The proof
works also for general domains with either deterministic or stochastic
boundary conditions and in any dimension d > 2. The convergence for
arbitrary times relies on the fact that the fluid is in thermal equilibrium. For
other initial fluid states or for boundary conditions which do not preserve
the equilibrium state one can still prove convergence for short times. The
limit Markov process will, in general, be nonhomogeneous in time.¥

To prove Theorem 1 we first give a series of definitions, establish some
notation, and prove several lemmas. We then establish an expression for
P<(A|p) and for certain correlation functions in terms of a perturbation
series (BBGKY hierarchy). The proof of convergence of these correlation
functions for short times and an iteration scheme then imply Theorem 1.

Let us define the space A(xy, ..., x,,;€) of collision histories, m =1,
2, .. I (xy, ..., x,) ET(mMO\T(m;€), then A(x,, ..., x,;¢)=0. For
given (xy, . .., x,) € I'(m;e),
A(xys oo s X5 €) =A(xy, .. .5 X,,,05€)
U U U A
nzlji=1,..., m Ja=1 ..., m+n—1
A(Xl, axm 7n7j15 5];1’6)
with
A(X‘, caes Xy >n7j15 e ’jn;e)
Clty. l,ER[O<E, < - < £, < T)XR"X (5%’
A point in A(xy, ..., x,;€) is denoted by §. We equip A(x;, ..., x,;¢€)
with the Lebesgue measure d8, i.e., d6 M(x, ..., X, 0, 1y -+ 25 ji3 €)
=dt,...d,dp, ...dp,d&, ... dd,. Alxy, ..., x,,0;€) consists of a sin-
gle point. The collision history corresponding to this point consists of m
spheres starting at (x,, . . ., x,,) at time T and evolving backwards in time

for a time span T. If a triple collision occurs, i.e., if at least three spheres
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touch each other simultaneously, then the collision history terminates and
remains undefined for previous times. For n > 1 the collision history
corresponding to the point § EA(x, ..., X, 1, jis - .., J,5€) 18 con-
structed in the following way: One starts with m nonoverlapping spheres at
(xy, ..., x,)at time T. These spheres evolve backwards in time for a time
span T — 1. If a triple collision occurs, then the collision history terminates
and remains undefined for previous times. Let ¢/(z,), p(7)), if defined,
denote the position and momentum of the jth sphere at the end of the time
span T — £,. At time 7, one adds an (m + D)th sphere to the system of m
spheres at the point ¢(#)) + e&; with momentum p,. If this (m + Dth
sphere overlaps with any of the other spheres already present, then § does

not belong to A(xy, . . ., X, 1 Ju - . ., j,; €). To the configuration {x |/
=1,...,m+1} at time 1, where g, ,(#,) = g(¢) + €6, and p, . (?))
= p1» one associates the configuration {x (¢, —)[j=1,...,m+ 1} just

before the collision. In particular,
Pt =) = (1) — 61 (£7(1) = P r (1)) |

€ € A € € A (210)
Pret{ty =) = P a() + [ &1 (25(1) — P i (1)) |4
H& - (pryi(t) — pi(1)) >0, and
pi{ti=)=p(H) .1

Pr1(tt =) = Poi(f)

it &y (prai(t) = pi(2)) <0. Then the configuration {x/(z; )|/
=1,...,m++ 1} evolves backwards in time for a span ¢, — 1,. If a triple
collision occurs, then the collision history terminates. At time ¢, one adds a
(m + 2)th sphere to the system of (m + 1) spheres at the position g:(1,) +
€&, with momentum p,, etc. Finally, at time 7, — one has a configuration of
{m + n) spheres which evolve then backwards in time up to ¢=0.
Alxp, ..o, Xps Jis - - 5 a3 €) s the set of points such that no overlap occurs
upon adding extra spheres. dx, ... dx,-almost surely, for d§-almost all
8 € A(xy, .. ., x,,;€) the collision history is defined. We denote by {x;(t,
Xps -+, X,,,0)} the configuration of particles at time 7 of the collision
history corresponding to § € A(xy, . .., X,,;€).

Every collision in a collision history is called a recollision with the
exception of those between a just added particle and particles already
present at the time of adding. It is also convenient to refer to an overlap at
the time of adding as a recollision. The essence of the Boltzmann-Grad
limit is that recollisions disappear as ¢ > 0.

For € = 0 the space of collision histories, A(xy, . . ., x,,), is defined in
the analogous way. The time evolution is now the one of free particles. The
kth extra particle is added at time 7, at g, (%) with momentum f. For
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given &, the configuration {xj(tk)| j=1...,m+ k} is related to the
configuration {x;(7, —) |j=1,...,m+k)} just before the collision by
transforming the outgoing pair of momenta (p; (%), Py + (%)) to the incom-
ing pair of momenta (p; (# — ), P41 (f — )) according to (2.10) and (2.11).
Every collision history is defined and A(x, ..., x,,%n j,.-.,],)
={t,...,,ER|0< 1, < - < T} XR*X(S5?)". We denote by {x;(z,
Xy ... X,,0)} the configuration of particles at time ¢ of the collision
history corresponding to § € A(xy, ..., X,,).

As a subset of A(x;, ..., x,) we define the space of “good” colli-
sion histories, A(x,, ..., x,,;0). This set is obtained by removing from
A(x,, ..., x,,) those points for which the corresponding collision history
has a spatial coincidence, i.e., g,(f) = ¢;(¢) for some 7, 0 < ¢ < T, and some
pair i # j, excluding those spatial coincidences which have to occur upon
adding the extra particles. A good collision history has no recollisions
between point particles. A(x,, ..., x, NA(x,, . . ., x,,;0) is a hypersurface
of dé-measure zero.

A(—;€), A(—,0) and A(—) depend on T. If needed, we add explicitly
the time interval under consideration as, e.g., A(—;¢,[7, T)).

We define F,: A(xy, . .., X,,;€)—>Q by

F 8-> {t>—p(T—t,x,...,%,,8)[0<t<T)} (2.12)
and F:A(x,, ..., x,)> by
F:8->{t>—p(T—t,x1,...,%,,8)[0<:<T) (2.13)

Let p* = (p},p5,...) and r=(r,,r,, ...) be some vector of correla-
tion functions. We define H.(p¢): U, .. xyeromBxy, ., X, ) >R by

H (p)(xp -+« 5 X, 0)

=kU1 {QA)‘ (ﬁk _p/Z(tk ’xl'«' ey xm58))}€2(n+m)

X0y (50, X1, 5 %,,0), o X0y (0,001, X, ,8)) (2.14)
and H(r): Ux,, ..., xm)er(m)A(xl, o x,)>Rby
H(ry(xy..+5x,,0)

= I {8 (A Bultiomn - 500))
Xr,,+m(xl(0,x1, ey xm,8), e, xn+m(0,x1, e, xm,ﬁ)) (2,15)

Let7 > 0and T > 7. For 4 € %[r, T] we define the time reversed and
shifted set A’ by

A'={ €Q[0,T—-7]]o(t) = —(T 1)
for 0<t<T-—1 with wEA} (2.16)
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Let x(-) denote the indicator function of a set. Let p§ be the correlation
functions of the nonnormalized measure x(G ~'4")u%, i.e., of the restriction
of u¢ to those phase points for which the path of the first particle is in
A’. [x(G'4)p* is not symmetric with respect to x,. We still define
the correlation functions as usual by pg,,(x), ..., x,) ="/}
(dx)...dx, f2 (X1, -y XX - .., X), Where f;' are the densities of
x(G‘lA’),u‘ with respect to dy.] Let A € B[0, T]. Any path is written as
(0, w,) with @, € £[0,7] and w, € Of7, T]. We define then

A(w)) = {0 (wp) €A} CQ1,T] (2.17)
Let p;, be the vector of correlation functions of the equilibrium

measure p°.
With these definitions we have the following:

Lemma1. ForanyO0<7<Tandall4 € ®[0,T]

P(A| —p)=][eps - d8 H (p° x,8) (2.18
(A =p) =[€peqi(x) ] fA(x,;e,[O,'r]) (Pacren)(x1,8)  (2.18)

Proof. LetO0<s; < - -- <5, <7< 85, < - <54, <T. Let
us choose 4 € B[0,T] to be of the form 4 = XiX{{p(s) € B;} with
Borel sets B, CR. We set 4, = X’-‘_I{p (s) € B} € %0, 1'] and A, =

Zie1{pi(s) € B) €B[r, T Let us setf(p) xg(—phj=1....k
+l By vy f (p)) we identify them with functions on I'. Let qu be the
densities of the equilibrium measure € on I’ with respect to dy and let
E*(- | p), E<(-) denote the expectation with respect to P<(- | p), P*(-). Then

E<(fp(—s1))-- fk+/(PE(_sk+1)))
‘fd)’ (fl fk+1(feq o T 4., ))

© Ti3A+/+5k+1 1 e )) “S|](Y) (219)

Let V*(?) be the evolution operator for the correlation functions, i.e., if
p is the sequence of correlation functions of some nice initial measure, then
V<(t)p are the correlation functions of the time-evolved measure at time z.
By linearity V°(¢) extends to arbitrary vectors of functions which are
bounded by the correlation functions of some equilibrium measure. If
p = {pi(x1), po(x},X3), . . . }, then let fp be shorthand for { f(x)p,(x,), f(x)
px(x,Xxy), . .. }. Conditioning in (2.19) on the initial momentum and using
time reversal invariance, we obtain

E(f(—p(50) -+ fewt (P (k) | — 1)
= [p;q,l(xl):l_l[ VSOV (2= 51) - - i
XVe(r— sk)pjz] (x1) (2.20)
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V<(t)p° is given through a perturbation series> as
52’”[ V‘(t)p‘]m(xl, cees Xp)

= X A H (p)(xy, .. ., X, ,0) (2.21)
(x5, ..., X3 €)

If we expand in (2.20) all ¥*’s in their perturbation series (2.21), then

P(A| = p) =08, (x "‘f @8 H.(p )(x1,
(A| Py [ Peq,1( 1)J ey ef0D Fim s ((pAZ)(l )

2 ~1
=|ep; dé H_(p Xy, 6 2.22
(€001 (x)] L(x,;e,[o,q-]) (Pacren)(x1,8)  (222)

In the last step we used that for the 4 chosen 4 (F,(8)) = 4, if F.(§) € 4,
and A(F(8) =@ F(8)& A4,.

Taking finite union and intersections (2.22) holds for all 4 € B ¢ Since
%, generates B, (2.18) follows. W

By the same argument one obtains the following:

Lemma2. ForanyO <t < Tandall4 €%[0,T],

2'”pj,m(xl, Cee X))

= do H x,...,xm,ﬁ 2.23
Alxy, .y Xos €10,7]) E(pA(Fz(B)))( 1 ) ( )

(2.23) is the starting point for investigating the limit € > 0.

Lemma 3. There is a constant ¢ > 0 such that for any T >0, all
AeR[0,T)and all m=1,2...,

m
0< epg(xp- s X)) <c]] zhg(p;) (2.24)
j=1
provided e is sufficiently small.

Proof. From the definition below (2.16) it follows that
0<ptm < Pegm (2.25)

One knows that the equilibrium correlation functions satisfy the bound
(2.24) for sufficiently small . W

Lemmad. Let0<7<Twithr= 0.1\/—,§/z. Let us assume that for
any B C®[0,T—7]and all m=1,2,...,

221(1)62mp1€3’m(x1, ... X,)=P(B|-p) H] {zhg(p)) (2.26)
=

uniformly on compact sets of I'(m; 0, T — 7). Then for any A € B[0, T'] and
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alm=1,2,...,

lii%ezm Pim(Xp s X)) =P(A| —p)) H1 {zhs(p)} (2.27)
j=

uniformly on compact sets of I'(m; 0, 7).

Proof. Let K CT(m;0,T) be compact. Let us set rygsyym(*X1s
ey X)) = P(A(F(8))] —pII7-1{zhs(p)}- By Lemma 2 we have to show
then that

lim sup U s H (05 ren)(X1> -+ 5 X,y 58
0 (x,, ..., LX) EKIVA(xL ..., x,; 640,7]) ( A(F( )))( 1 " )
B dS H(r
Alxp, ooy X3 [0,7]) ( A(F(a)))
><(’Cl""”‘»m?)’:o (2.28)

Using the bound (2.24) together with the invariance of the equilibrium
measure it is shown in Ref. 7 that for any 4 € B[r, T']

m

[Ho(p2) (%10 - -5 X, ) < TT (2B ) H {Zhe (D)) (229)

=1 J=

for some pair (z’, 8’) independently of €. Since T = O.l\/—,é /z, by assump-

tion, the bound (2.29) is integrable with respect to dé on A(x,, ..., x,;
[0, 7]).
Let a > 0. Because of the integrable bound (2.29) we can choose
a compact set K; C e, . .. v yexD(xys .o %,50,[0,7]) such that
f(A(XI ,,,,, xm)nK,)fdaIHE(PA(a(a)))(xl’ .o vy Xy, 0)] < a independently of
(xy, ..., x,) € K. Therefore
sup :f A6 H (p4(r ) (X1> -+ -5 X s
o e eeton (La(ren) (X )
- dS H(r X o o5 X,,0
L(x, """" 0] (Tacren)(X1 )r
=2+ s f dd
..... x) € KIVAG, -, X €[0T N K
XHe(pA(F((S)))(xb . ..,Xm,a)—‘ dad
Alxy, ..., X3 [0,7]) N K
XH(rgrep) (X - -+ > Xp ,3)! (2.30)

Because K is compact we can choose e small enough such that there
are no recollisions for any collision history (x,, ..., x,,,6) € K;. Then
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F(8)=F(8) and {p/(t.xy,...,x,,0)}={p(t,x;, ..., x,,8)}, 0<1
< 7. Let us choose a compact set K, CA(xy, ..., x,;[0,7]) such that
K, C K X K,. Then the last term in (2.30) is bounded by

J

IT (& (P = Bu(tepxrs - - %020)) )

k=1

X sup X(A(x1s « s X5 [0,7]) N KG)(8)
(X, ..., 5K

lef(F(g))hn.{_m(Xf(O,x], PN xm,ﬁ), ey x,f+m(0,x1, ey Xm,6))
—rA(F(a)),n+m(x1(O$x]5 e -xm 36)’ ey xn+m(0,xl, ey Xm,(s))l

(2.31)

There exists some compact set KcC T'(n+ m;0,T — 1) such that the
configuration at time zero is contained in K for every (X, ...,x,,8)E K.
By assumption the integrand of (2.31) vanishes then for every § € K|, as
€ — 0. By Lebesgue-dominated convergence we conclude then that the last
term in (2.30) can be made less than « for suitable small enough e.

To identy the limit one chooses again first sets 4 which depend only
on a finite number of times; cf. Ref. 4 for details of the calculation. W

Lemma5. Let T= 17 Thenforalld € ®[0,7r]and allm=1,2,...,

zi%€2mp;,m(xl, ey xm) = P(A l “1}}) HI {Zhg(pj}} (2.32)
j=
uniformly on compact sets of I'(m; 7).

Proof. Asin Lemma 2 we write

Ezmb‘)/;,m(xb et xm)

= A8 H (pi ) (X« -0 X, .0 2.33
A(Xqs « - 0 X &[0T O ET A E(pf’Q)( 1 ) ( )

For the equilibrium correlation functions

o tem (X ey X)) = H1 {zhs(p)} (2.34)
j=

lime

=0
uniformly on compact sets of I'(m; 0). By the argument given in the proof
of Lemma 4 we conclude that (2.33) converges uniformly on compact sets
of I'(m; 7). The limit is identified by using sets 4 which depend only on a
finite number of times. MW

Proof of Theorem 1. By Lemmas 4 and 5 for any 7 >0 and all
A €R[0,T]

Eg%ezmp;’m(xl, coa X)) = P4 =p) H1 {zhe(p)} (2.35)
i
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uniformly on compact sets of I'(m; 0, T). By Lemmas 1 and 2

—1 ¢
P{(A|-p)= [Ezpéq,l(xl)] Pa1(X1) (2.36)
By (2.35) this converges uniformly on compact sets of T(1;[0, T]) = A X R’.
|

The proof given can be extended to the infinite hard sphere systems,
A =R’ and to the motion of several test particles. Without proof we state a
theorem in the form needed for the discussion of the steady state. We
denote by P¢(- | x,, . .., x,) the path measure on (R* X Q)" of the stochas-
tic process of n test particles starting at (x;, ..., x,).

Theorem 2. Let A=R> For any T >0, all 4 € %[0, 7T]" and all
n=12,... wehave

1in(1)P‘(A|xl,...,x,,)=P>< cre X P(A]xy,...,x,) (2.37)
and
e 2/3 2/3
lgr(x)P (Al(g+€7q,pp. .. qg+e Q> Pn)
=PX - XPA|gpi---sq Pn) (2.38)

uniformly on compact sets of I'(n; 0, T).

(2.37) means that any finite number of test particles move indepen-
dently in the Boltzmann—Grad limit e > 0. (2.38) means that even if the test
particles start close (~¢€*/) to each other on the scale of a mean free path
but far apart (~e¢~'/) on the scale of the hard sphere diameter, they still
move independently as e >0.

3. CONVERGENCE OF THE STEADY STATES

We return to the steady state situation considered in Ref. 1. In
addition to the mechanical degrees of freedom a sphere carries now a color
a. 6 = () corresponds to white and ¢ = 1 to black. We assume that the hard
sphere fluid is infinitely extended and that, ignoring color, it is in thermal
equilibrium at fugacity e % and inverse temperature 8. We imagine a slab,
A, of width L perpendicular to the x axis and centered at L /2, whose sole
purpose is to impose boundary conditions on the colors. All particles to the
left of the slab are black and all particles to the right of the'slab are white.
If a particle inside the slab exits to the left, then its color is changed to (or
remains) black and if it exits to the right, then its color is changed to (or
remains) white.

If initially all particles inside A are black, then under these boundary
conditions the colored fluid approaches a steady state as 1 — 00.(" Let us
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define two events:

A0y = {(q,w) €R’ x Q|the path t—> ¢ +ftdsw(s)
0
exits A first to the right}
A(ly= {(g,w) eR¥x Q|the path t—> ¢ +f[dsw(s)
0

exits A first to the left or never exits A}

(If g & A, this is considered as an exit.) Then the steady state correlation
functions are given by

P (X100 -+ s X503 L) = Plgu (X - X,)
XP(( XlA(Uf)lql’ —Pv - "qn’_pn) (31)

We want to investigate the Boltzmann—Grad limit, e >0, of the steady
state correlation functions. For the equilibrium correlation functions one
knows that

Zi_l;%eznpeeq,n(xl’ et xn) = Hl {Zhﬁ(pj)} (32)
j=

uniformly away from points of spatial coincidence.

We start by investigating the convergence of the first correlation
function. Since it is given through the motion of a single test particle, we
can use Theorem 1. As before {2 is the path space of the momentum process
of the test particle and P<(- | p) denotes the path measure. We set T = o0.
Let us define four events in Q:

A(g,0,T) = {w € Q|the path t+>¢g +f01dsw(s)
exits A first to the right, if 0 = 0, and exits A first
to the left, if ¢ = 1, during the time interval [O, T]}
A(4,0,T) = 4(4,0,T)
A(q1,T)= {w € Q|the path t—>g¢q +J;tdsw(s)
exits A first to the left or stays inside A during

the time interval |:0, T }
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Then
P<(A4 (g1,0,0)|p)) = P(A(9)| 91, p1) (3:3)
By Theorem 1 for all T
lim P*(4 (4,0, ) |p) = P(4(40.T) | p) (34)
Since 4(g,0,T) is an increasing sequence of events as T— oo,
liminf P*(4 (g0, %) |p) > P(4 (4,0, |p) (35)
For the limiting Markov process
2 P(A(go0)|p) =1 (3.6)
Therefore ,
lim P*(A (g, 0,0) | p) = P(A(q.0.20)|p) 3.7
By the definition of A(g, 0, T) this implies then
lim P*(4 (g,0, %0 p) = P(A(4.0,%0) | p) (38)

Therefore we conclude that

lig(l)ezpf(xpm;L) = Zhﬁ(Pl)P(A (91>, °°)| _Pl)

= zhy (p) fu(91s —P1r0y) (39)
The exit probability f; (g, p, o) satisfies the backward equation
a
P 3g (g Pr0) +(Cfi) (g pr0) =0 (3-10)

for ¢ € A with the boundary conditions

A

for g.=0 and 7A-p>0

fu(g, p.o) = {‘1’_ (3.11)

o for go=L and 7A-p<0

Here # is the unit vector pointing along the positive 1-direction. By
definition f, (¢, p,0) = o for g, <0 and f;(q, p,6) =1— o for q, > L.

Extending somewhat the analysis in Ref. 10 one obtains bounds which
ensure that f; (¢, p,o) is linear in g up to errors of the order 1/L. Also the
steady state current, j, (¢,0) = [dp pf,(q, p,o), equal D/L up to errors of
the order 1/L? with D the diffusion coefficient as computed from the
linear Boltzmann equation (2.7).

Using Theorem 2 and the analog of the above argument, we obtain the
following:
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Theorem 3. The steady state correlation functions converge in the
Boltzmann—-Grad limit,

: 2n .
ZI-T)I(I)E Pr(X1560 -+ .5 X, 50,5 L)

= ]’I;I] {zhg(P)fL(q;» —P;-0)) ) dxy ... dx,-as. (3.12)

The factorization (3.12) is equivalent to the fact that the color random
field becomes deterministic as €—>0. Let n°(Ay,0) be the number of
particles of color ¢ in the bounded region A, C R® X R®. Then

lime’n(Ay,0) =qudpzhﬁ(p)f,_(q, —p,0) (3.13)

e—0

in probability.

4. LOCAL EQUILIBRIUM

On the scale measured in units of the mean free path the microscopic
structure is completely lost in the Boltzmann—Grad limit. Any finite volume
on this scale eventually contains an infinite number of particles. One may
partially recover this microscopic structure by considering the system on a
scale of a constant interparticle distance. On this scale the mean free path
grows as € /3. Also the system size has to increase as e ~>/3, e.g,, in the
steady state setup L~e¢ /3. On the other hand, on this scale the hard
sphere diameter is ¢'/> and therefore still goes to zero in the Boltzmann-—
Grad limit € > 0. Therefore locally the system resembles an ideal gas. Since
density and velocity distribution change only over distances of the order
€ 2/3, locally the state, of the system approaches that of an infinitely
extended ideal gas in equilibrium (constant density and arbitrary velocity
distribution). The crucial point here is that the state of the system has the
identical structure even when evolved over several mean free times and that
the parameters determining the local equilibria are governed by the Boltz-
mann equation.

It is convenient to go back to the scale which we used all the way long,
namely, the one measured in units of the mean free path. We investigate
then the distribution of particles in a small (of the order ¢2/3, equivalently
of the order one on the scale of a constant interparticle distance) neighbor-
hood around the point g. We define the local state at g through its
correlation functions

Pa(X1,0p, -+ X505 L, q)

2/3

=ps(q+ g1, P10, . g+ € Gns Pns0ns L) 4.1
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Comparing with (3.1) one has to study now test particle processes, where
the initial positions of the test particles are separated on the order ¢*/2, but
are still far apart, ¢ ~'/3, on the scale set by the hard sphere diameter. For
the equilibrium correlation functions

limolan(9+ € o P g+ €000 ) = T1 {2ha(p)) (42)
-

Therefore, using Theorem 2 and the argument given in the previous section,
we obtain for g, # 0, L

n
li_r)r(l)p,,‘(xl,ol, e X5 0,39) = Hl {zhg(P)fL(G> = P2 )) ) dxy - - . dx-as.
j=

(4.3)

In the Boltzmann-Grad limit the local state of the system at the point
g € R’ is the equilibrium state of an infinitely extended, colored ideal gas:
The gas has constant density z and a Maxwellian velocity distribution at
inverse temperature 8. Independently of its location a particle with momen-
tum p is black with probability f, (¢, —p,1) and white with probability
fulg,=p.0) =1~ fi(g,—p. 1)
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